I construct non-Fermi liquid (NFL) quantum impurity models that are similar to the overscreened multi-channel Kondo models with the difference that an odd number of electron species screen the impurity. The simplest of them, named sesqui-channel (i.e. one-and-a-half-channel) Kondo (1.5CK) model, has less degrees of freedom and is simpler than the two-channel Kondo model, and yet it exhibits NFL physics. Using representation theory I derive the 1.5CK model for a spin-half impurity surrounded with electrons in cubic crystal field and solve it with the numerical renormalization group.
I construct non-Fermi liquid (NFL) quantum impurity models that are similar to the overscreened multi-channel Kondo models with the difference that an odd number of electron species screen the impurity. The simplest of them, named sesqui-channel (i.e. one-and-a-half-channel) Kondo (1.5CK) model, has less degrees of freedom and is simpler than the two-channel Kondo model, and yet it exhibits NFL physics. Using representation theory I derive the 1.5CK model for a spin-half impurity surrounded with electrons in cubic crystal field and solve it with the numerical renormalization group. Identifying the microscopic origin of non-Fermi liquid (NFL) types of metallic behavior, in most cases remains an outstanding challenge, even though many years have passed since the discovery of NFL phenomena in heavy fermions [1, 2] and in high-T c cuprate superconductors (SC's) [3] [4] [5] . More recent encounters with NFL physics took place in high-T c iron-pnictide [6] [7] [8] [9] and in certain iron-chalcogenide SC's [10] . It has been found in stoichiometric transition metal oxides such as VO 2 [11, 12] and some ruthenates [13] [14] [15] and iridates [16, 17] , as well as in intermetallics [18] and pure transition metal compounds [19, 20] and other d-and f -electron systems [21] and elsewhere [22] [23] [24] . Disadherence to Fermi liquid theory has many forms. In heavy fermions it manifests itself, among others, in the electronic specific heat (or Sommerfeld) coefficient, the magnetic susceptibility and the electrical resistivity, which show either diverging/logarithmic or mild power-law T -dependencies down to the lowest temperatures attainable [21] . The phase diagram of hole-doped cuprates based on resistivity [25] and neutron scattering [26] measurements has only recently been redrawn along with universality asserted [25] . Then it was observed that the pseudogap part of their metallic phase exhibits Fermi liquid (FL) properties [27, 28] . Nevertheless, around optimal doping for an extended region above the pseudogap and superconducting transition temperatures their in-plane transport properties do not fit in with FL theory: the resistivity is linear with T [3, 29] , the Hall coefficient has a pronounced Tdependence [30] , and the frequency dependence of the in-plane optical conductivity [31] is also out of the FL realm. Further NFL features are seen in the electronic Raman spectra [32] and in nuclear magnetic resonance studies [33] . The range of NFL physics around optimal doping extends to lower temperatures when superconductivity is quenched by a magnetic field. Tested this way, the violation of the Wiedemann-Franz law [34] also points to a NFL ground state. The anomalous normal state transport properties of iron-pnictides are similar to those of the cuprates [9, 35] . Linear-in-T resistivity has further been observed in some of the heavy fermion compounds, in VO 2 , and in certain ruthenates [14, 36] , whereas in other heavy fermions and ruthenates other functional forms of T , but still clear deviations from FL behavior are displayed in the resistivity and in the optical conductivity. NFL phenomena discovered in threeand low-dimensional materials are abundant and diverse, whereas there is only a handful of well-established NFL models and principles leading to NFL behavior. They include on the phenomenological level the marginal Fermi liquid theory [37] which has been invoked to successfully describe many of the anomalous normal state properties of cuprates. NFL physics can also appear as a consequence of disorder [38] as e.g. in doped semiconductors, disordered heavy fermion systems, or metallic glass phases. Two major classes of microscopic models that became paradigms for describing NFL physics are the Tomonaga-Luttinger liquid (TLL) [39] and the overscreened multi-channel Kondo models [40] . The former one accounts for the peculiarities of a broad class of one-dimensional metals. It features spin-charge separation, i.e. its spin and charge degrees of freedom propagate with different velocities. Consequently, although it has coherent low-energy excitations, their quantum numbers differ from those of the electron, which makes the TLL alike the overscreened multi-channel Kondo models. These latter ones are quantum impurity models where a spin degree of freedom couples to several degenerate baths of non-interacting electrons which correspond to the screening channels. The simplest variant of overscreened Kondo models was considered to be the spin-half two-channel Kondo (2CK) model introduced in 1980 [40, 41] . To advance the microscopic understanding of NFL phenomena, in this Letter I construct and study new types of quantum impurity models with new types of NFL behavior that have not been identified before. The simplest NFL quantum impurity model I introduce, which I named sesqui-channel (i.e. one-and-ahalf-channel) Kondo (1.5CK) model, has less degrees of freedom than the two-channel Kondo (2CK) model, and yet it still exhibits NFL physics. I solve the 1.5CK model using the numerical renormalization group (NRG) [42] .
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Construction of the 1.5CK and other half-integerchannel, overscreened Kondo-type models. In Ref. [40] , Nozières and Blandin addressed the behavior of magnetic impurities in metals. They analyzed an Andersontype of Hamiltonian taking into account not only the spin but also the orbital degrees of freedom of the impurity, the spin-orbit coupling and crystal field effects. Using only symmetry and scaling arguments they were able to make predictions about the stability of the strong coupling fixed point of the model. While studying the strong coupling fixed point of the orbital singlet case in an isotropic environment and switching to an effective Kondo-type of description, they have come to the conclusion that there exists an intermediate Kondo coupling fixed point with a non-trivial ground state for the special case of n > 2S, with n the number of conduction electron screening channels and S the value of the impurity spin. Kondo models satisfying the criterion n > 2S are called overscreened Kondo models. The prediction about their NFL fixed point got its first numerical confirmation from Cragg and Lloyd's NRG calculations in the case of n = 2 and S = 1/2 [43] . The corresponding model is the spin-half two-channel Kondo (2CK) model which has so far been considered to realize the simplest case of overscreening. The case in which n = 1.5 and S = 1/2, i.e. the number of screening channels is a halfinteger, has not been looked at though. At first sight this choice might seem peculiar, but what the number n really stands for is half the number of electron species that screen the spin. One might envision this case as e.g. an impurity with a Kramers doublet ground state in a local environment with cubic symmetry, with surrounding T 2g conduction electrons whose spin degeneracy is lifted. To construct a NFL impurity model out of this configuration one can proceed by observing that the ground state of the one-channel Kondo model can be guessed simply by diagonalizing the local Hamiltonian, whereas in case of the two-channel Kondo model the same process does not work. The additional channel introduces frustration. Thus when constructing the local part of the 1.5CK model, characterized by S = 1/2, n = 1.5 and a NFL fixed point, I introduce a similar kind of frustration but with only three flavors of conduction electrons. In the first step I construct the spin-flip part of the 1.5CK Hamiltonian, H
1.5CK ⊥
, as diagonal processes in themselves cannot bring about NFL behavior.
where a † , b † , c † create the three different species of conduction electrons at the site of the spin-half impurity, S, and
⊥ this Hamiltonian together with a term that accounts for the kinetic energy of the conduction electrons has a NFL fixed point. The structure of its excitation spectrum is shown in Fig.  1 next to the well-known 2CK fixed point spectrum for easy comparison. Eq. (1) can be complemented to gain the form
The ground state of this Hamiltonian can be found easily as it leads to FL physics. By adding one more flavor of conduction electron the 2CK fixed point can be obtained by leaving out one or more arbitrary term(s), from H chain,2C ⊥ while keeping all the four different conduction electron species, with creation operators ψ † i (i = 1, . . . , 4), in the spin-flip Hamiltonian
I conjecture that for larger number of conduction electron species the construction goes the same way, i.e. the spinflip part of a NFL, overscreened Kondo-type Hamiltonian for n = 2k + 1 conduction electron species can be written e.g. as
and presumably has a ratio of 1 : (n − 1) between the two different level spacings in the corresponding NFL fixed point spectrum. As dictated by universality the fixed point properties depend only on the value of the impurity spin and on the number of conduction electron screening channels, i.e. on the number of degrees of freedom of the model. I expect that the same process works for n = 2k as well, and produces spin-flip Hamiltonians leading to the well-known overscreened multi-channel Kondo fixed points. I did not confirm the above conjectures with NRG due to their higher computational cost and the less likelihood for the experimental realization of higher channel-number NFL Kondo physics. Using representation theory the 1.5CK Hamiltonian can also be derived as the one relevant coupling between a spin-half impurity in a cubic field surrounded with T 2g conduction electrons whose spin degeneracy is lifted. The derivation is similar in spirit to Cox's derivation [44] with the difference that he was looking for a natural symmetry arrangement for 2CK physics to emerge. In the derivation I use the notation of ref. [45] when referring to point groups and their irreducible representations (irreps). The first step is to find a point group which has a three-dimensional (3D) irrep. One such group is T d of all proper rotations sending a regular tetrahedron into itself. The derivation goes the same way and results in the same Hamiltonian for other groups, T , T h and O with 3D irreps as the Clebsh-Gordan coefficients are identical [45] . I choose the impurity electron to be the Γ 6 irrep of T d which transforms as a spin-half spinor under T d . I construct all possible electron-hole operators out of this irrep based on the tensor product Γ 6 ⊗Γ 6 = Γ 1 ⊕Γ 4 . The irrep Γ 1 (or A 1 ) is the trivial representation of T d , whereas Γ 4 † ↑ f ↓ ≡ S + . Energy spectrum of the 1.5CK model. To confirm that both H together with the kinetic energy of the conduction electrons indeed flow to a NFL fixed point, I solved them with NRG [42, 46] . During the calculations I could make use of only the charge symmetry of these models, as they lack spin symmetry. I obtained the same, 1.5CK fixed point spectrum for both was solved at J = 0.25D (in units of the bandwidth, D) with discretization parameter Λ = 2 keeping at most 1000 states of the U(1) charge symmetry at each NRG step. (bottom) 2CK fixed point spectrum using the SU(2)spin×SU(2) charge1 ×SU(2) charge2 symmetry of the model while keeping at most 500 multiplets at each NRG step.
Hamiltonians. The NRG flow and the 1.5CK fixed point spectrum of H Fig. 1 next to the 2CK spectrum. The ratio of the two neighboring level spacings in the excitation spectrums is 1:2 for the 1.5CK model, whereas it is 1:3 in the 2CK model and 1:1 in a Fermi liquid. Thus, in this regard, the 1.5CK model is a more basic NFL quantum impurity model than the 2CK model. The 1.5CK fixed point spectrum shows even-odd oscillation due to particle-hole symmetry and that three more conduction electron creation operators are introduced in each NRG iteration step. That is the same argument that was applied in Wilson's paper for the one-channel Kondo model [42] . As expected, the physical properties computed around the 1.5CK fixed point cannot depend on the parity of the NRG iteration steps. This assertion was checked numerically for the specific heat. Presenting the thermodynamic and dynamic properties of the half-integer channel Kondo models using NRG will be the subject of a further study, just as extending conformal field theoretical (CFT) considerations [47] to these models in order to understand their excitation spectrum and other properties. From e.g. the CFT solutions we know that in the 2CK model the electronic specific heat coefficient and the magnetic susceptibility both diverge as log T when T → 0, whereas for higher channel numbers the divergence is faster as T → 0. An intriguing question is whether the same considerations apply to the 1.5CK model, and how the divergence of these quantities is affected as T → 0.
Conclusion. I presented a family of NFL quantum impurity models where a spin-half impurity is exchange coupled to an odd number conduction electron species. Computing and understanding the physical properties of these models, and matching them with physical properties observed in materials are yet to follow.
